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ABSTRACT 
We classify a series of positive maps in low dimensional matrix algebras with 
respect to the degree of indecomposability and provide stronger indecomposable maps 
in M,(G). We also present a basic result about the atomic property. 
0. INTRODUCTION 
Very little is known about the global structure of positive linear maps, even 
in the low dimensional matrix algebras. 
A positive linear map cp of the n x n matrix algebra M,(G) into itself is 
said to be decomposable if cp can be decomposed into a sum of a completely 
positive map and a completely copositive map. It is well known that every 
positive linear map is decomposable in M,@) [7, lo]. That this is not the case 
for higher dimensional algebras was shown by Choi [2], first by an example of 
indecomposable positive maps in M3(@). Later Woronowicz [lo] provided 
another example, supported by an indirect proof, of positive linear maps from 
M&G) to M&i) which are not decomposable (see also [S]). Recently, Tana- 
hashi and Tomiyama [9] have provided examples of positive linear maps in 
M,(G) which may be considered as proper extensions of Choi’s map. They 
have moreover presented the concept of atomic maps as a next step in 
studying the structure of positive linear maps in M,(@) and shown that Choi’s 
map is atomic, that is, it cannot be decomposed into a sum of a e-positive map 
and a 2-copositive map. Another example of such an atomic map in M4(@) was 
observed by Robertson [6]. 
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We show in Section 1 the positivity of a linear map in M,(@), which was 
left open in [9]. 
In Section 2, with the previous result, we classify a series of positive linear 
maps in M,(G) (n = 4,5) with respect to the degree of indecomposability. We 
provide, moreover, a stronger indecomposable maps in M,(G). 
Finally, we present a basic result about the atomic property. 
1. A SERIES OF POSITIVE MAPS IN M,(G) 
Let p: M,(e) -+ M,(G) be a linear map. For each k = 1,2,. . . , we define 
v @id,: M,(G)@ Mk(G)-+ M,(G?)@ Mk(Q by 
cp@id, cAj@Bj 
j 
= c p(Aj)@Bj. 
j 
(p is said to be k-positive [respectively, k-copositive] if the k-multiplicity map 
p(k) [respectively, the k-comultiplicity map cp”( k)], 
p(k): [ai,jI cMk(Mn(@)) + [p(ai,j)]f,j=l 
1 respectively, @(k)‘[ai,jl E”k(Mn(G)) + [“(‘j,i)]:j=l] 
is positive. Regarding Mk( M,(Q) as M,(G) C?J Mk(G), (p(k) can be identified 
with (p @ id,. We use these expressions properly in this text. If cp is k-positive 
for every k, then p is said to be completely positive. It is, however, known 
that every n-positive map in M,@) is completely positive. Completely coposi- 
tive maps are defined in a similar way, and the saturation of copositivity in 
M,(G) also occurs. 
Let E be the canonical projection of M&G) to the diagonal part, and S be 
the rotation matrix in M,(@) such that 
s = [6i,j+l]t 
where suffixes are understood mod n. Define a series of linear maps r,,k in 
M”(G) bY 
r,,JX) = (n - k)&(X) + & +‘XS*“) - X (k = 1,. . . , n - l), 
i=l 
7”,o( x) = ?E( x) - x. 
Then the positivity of r,,a and T,, n_ r is trivial. In fact, rnc is completely 
positive and r,, “_ i is completely copositive. 
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Even though Tanahashi and Tomiyama [9] and Ando [l] showed the 
positivity of r,,, r and r,, fl _ a respectively, the positivity of r,, k for general n, k 
has remained unsettled. In this section we shall show that r5,a is positive. 
Thus all T,,~ arepositiveforl<n<5andO<k<n- 1. 
THEOREM 1. r5,2 is a positive map. 
As in the paper of Tanahashi and Tomiyama [9], the proof is reduced to the 
following lemma. 
LEMMA 2. Let A,, A,, . . . , X5 be positive numbers. Then 
5 'i 
i=r 3X, + X,-l + hi-2 
< 1, 
where suffaxes are understood mod 5. 
Proof. Put ai = Xi_1 /Xi. Then the inequality means that the form 
T = (ala, + a2 + 3)( a2a3 + a3 + 3) ( a3a4 + a4 + 3) 
X (a4a5 + a5 + 3)(a,a5 + a, + 3) 
-(aaaa + a3 + 3)(a3a, + a4 + 3)(a,a, + a, + 3)(a,a, + a5 + 3) 
- (ala2 + a2 + 3)( a3a4 + a4 + 3)( ala5 + a, + 3)( a4a5 + a5 + 3) 
-(aia2++2+3)( a2a3 + a3 + 3)(a,a, + al + 3)(a,a, + a5 + 3) 
-(a,aa+a2+3)( a2a3 + a3 + 3)( a3a4 + a4 + 3)( a4a5 + a5 + 3) 
-(a,a2+a2+3)( a2a3 + a3 + 3)( a3a4 + a4 + 3)( alaS + a1 + 3) 
is nonnegative, where { ai} are positive numbers with a1a2a3a4a5 = 1. To 
prove the positivity of T, we expand T and cancel the negative terms of T by 
applying the arithmetic-geometric mean inequality to the positive terms of it. 
The sum of the terms with negative sign of T is 
-17a, - 17a2 - 17a, - 17a, - 17a, - 22a,a, 
- 22a,a, - 22a,a, - 22a4a5 - 22a,a, - 135, 
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and the arithmetic-geometric mean inequality implies that 
3a;ai+lai+4 + 3aiai+za,+3 + 3afai+lai+z 
+ 3aia,+3a,+4 + 3a~aj+,ai+3ai,4 + 3~,a~+~ 2 18ai 
and 
3aiai+1ai+3ai+4 + 3a~a~+lai+z + 2UfU~+jU;+zUi+, + 2aiai+]ai+4 
+ 3uiUF+lUi+*U,+4 + 3UFUi+lUi+,3 + 2ufUf+?,lui+Qai+, 
+ 2aiuf+!,lai+zai+3 + 2U?Ui+lUi+3Ui+, 2 22Uiaj+l. 
Hence we have 
T = i$l (3aFai+lai+4 + 3aiai+za,+.J -t 3aya,+lai+~ 
+3aiai,3a,+, + 3a~ui+,ai+3ai+, + 3aiu,+z) 
+ i? (3uiai+lai+aai+4 + 3aTa2 a. , ,+I ,+2 + 244+~ai+2ai+3 
i=l 
+2aiai+lai+4 + 3aiaf+‘+lai+2ai+4 + ~u~u~+~u~+~ 
+2a?a2 a. I 1+1 t+2ai+4 + 2aia?+?,,ai+2ai+3 + 2afai+lui+3ai+4) 
5 5 5 
+ C aiai+lui+2 + C aiai+2uif3 + 3 C uiai+lai+3a~+4 
i=l i=l i=l 
+ 3 5 aiui+2a~+L+3a~+4 + 5 5 a~ai+lai+2ui+3 
i=l i=l 
5 5 
+ 2 C aia~+2ai+3uf+4 + 2 C aiai3,2af+?+3ai?f4 
i=l i=l 
5 
+ g C aiai+lai+3ai+4 
i=l 
- 17 5 ai - 22 5 U,U,,l - 135 
i=l i=l 
2 18 5 CZ~ + 22 5 aiai+l + 5 aiai+lai+e + *cl aiui+zui+s 
i=l i=l i=l 
+ 3 5 uiai+lui+3a~+4 + 3 5 uiui+2a~+3af+4 
i=l i=l 
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5 5 
+ 5 C afai+lai+2ui+3 + 2 C aiui?+2ui+3uf+4 
i=l i=l 
5 5 
+ 2 C ui”~+!+2u~+3u~+4 + g C ui”i+lui+3ui+4 
i=l i=l 
- 17 g1 ui - 22 5 u,a,+I - 135 
i=l 
= i$l ui + i$ ui”i+lui+!2 + i$l ui”i+2ui+3 + 3 i$l ui”i+lui+3uF+4 
5 5 
+ 3 C ui”i+2uf+3uf+4 + 5 C uf”i+lui+2ui+3 
i=l i=l 
5 5 
+ 2 c u,u;++2ui+3u;+4 + 2 1 uiu;+?+2uf+3uf+4 
i=l i=l 
5 
+ 9 c uiui+lui+3ui+4 - 135 
i=l 
2 5 + 5 + 5 + 15 + 15 + 25 + 10 + 10 + 45 - 135 = 0, 
and the proof is completed. n 
REMARK 3. The above method would be useful in attacking the problem 
of positivity of r,, k for general n, k. It is, however, not constructive, and we 
could not apply it. 
2. A SERIES OF INDECOMPOSABLE POSITIVE MAPS 
In this section, we classify positive maps r,, k (n = 4,5) with respect to the 
degree of indecomposability. We know that r,, r cannot be decomposed into a 
sum of an n-positive map and a 2-copositive map (n = 4,5) [9]. By the same 
argument, we notice that r5,2 cannot be decomposed into a sum of a 4-positive 
map and a 2-copositive map. We examine, therefore, indecomposability of r4,a 
and ~s,~. 
Let M,(Qh = {all n x n hermitian matrices} and M,(G)+= {all n x n 
positive semidefinite hermitian matrices). For each matrix A = [ai, j], A” 
means the transpose matrix [ uj, i]. 
The next lemma is trivial. 
LEMMA 4. LA p be a positive map. Suppose that (p can be &composed 
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into a sum of a k-positive map and a k-copositive map. Then, whenever [xi, j] 
ad [ xj, il belong to WA M,(C)) +t 14 xi, j)l E MA M,(C)) +. 
Let [ qj] E M,(M,(@)) be the matrix 













0 0 0 1 
0 0 0 0 
0 0 0 0 
1 0 0 0 
0 0 0 0 
0 0 0 1 
0 0 0 0 
0 1 0 0 
2 0 0 0 
0 ; 0 0 
0 0 0 0 
0 0 0 1 
Since [xi, j] = [ xj, i] can be written the form 
where U is a 12 x 3 matrix and Vi are 12 x 2 matrices (i = 1,2,3), we know 
that both [xi, j] and [ xj, i] belong to M3( M&C!))+. On the contrary, 
is not positive. 
3 z 00 0 
0 ;o 0 
0 03 0 
0 00 $ 
0 -10 0 
-1 00 0 
0 00 0 
0 00 0 
0 0 0 -1 
0 00 0 
0 00 0 
-1 00 0 
0 -1 0 0 
1 00 0 
0 00 0 
0 00 0 
s 
2 00 0 
0 ;o 0 
0 0; 0 
0 00 3 
0 00 0 
0 0 0 -1 
0 00 0 
0 -1 0 0 
0 0 0 -1 
0 00 0 
0 00 0 
1 00 0 
0 00 0 
0 0 0 -1 
0 00 0 
0 -1 0 0 
3 00 0 
0 $0 0 
0 op 0 
0 00 t 
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Considering the above proof, however, we obtain the following general 
result. 
THEOREM 5. For n 2 4, T,+_~ cannot be decomposed into a sum of a 
3-positive map and a 3-copositive map. 
Proof. Let [xi, j] E M3( M,(Q) be the matrix 
[ ‘i, jl = 
Then, from the preceding argument, both [xi, j] and [ xjJ belong to 
M3(M"w+. 
Let 
rl = [2,0,. ..,O,O,l,O,... ,0,0,..:,0,2]. 
Since we have 
([ 7n,n-2( xi.j)]?(?) = -iT 
from Lemma 4 we know that T,,, n_ 2 cannot be decomposed into a sum of a 
3-positive map and a 3-copositive map. W 
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REMARK 6. It is a natural question whether r,, n_2 can be decomposed 
into a sum of a S-positive and a 2-copositive or not. But we could not answer 
it. 
The algebraic tensor product M,(@) @ M,(G) can be regarded as 
M,(M,(G)), and thus be identified with M,,(G). Though M,,(G) inherits 
most algebraic features of M,(G) and M,(G), it seems that M,,(G)+ is not 
fully compatible with M,(G)+ and M,(G)+. Indeed, the tensor product 
structure induces the following relations: 
except if n = 1 or m = 1. 
Define a linear map 0 : M,(G) 63 M,,,(@) --+ M,(G) @ M,(G) by 
It is clear that 
M”(O)+@ Mm(G)+ = Q( M,(q+@ M,(G)‘) c Q[ (M,(@) 63 Mm(q)+]. 
We have, therefore, 
M,(q+@M,,(q+c (w@) @Mm(q)+n Q[(““(@q Mm(q)+]. 
It is natural to ask whether the preceding inclusion c can be replaced by 
identity = . More explicitly, Choi asked 
QUESTION [4]. Suppose Bi,j E M,(C) (1 Q i, j < n). If both [Bi,j] and [BjJ 
belong to (M,(C) @ M,(C))+, d oes it follow that [Bi,j] E M,(C)+@ M,(C)+? 
We have the following answer to this question. 
COROLLARY 7. The cone M3( C)‘@ M,(C)+ does not include the cone 
{[Bi,ilE(Ma(C) @M,(C))+; [‘j,il e(MdC) @MM,(C))+) _kaW m 2 4. 
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Proof. From the previous theorem, we know that the answer is no if 
(n, m) = (3, m) (m > 4). Indeed, [xi, j] = [ xj, i] E (MS(G) 63 M,(Ci))+; suppose 
that [ xi,J E Ms(G?)+@ M,(G)+. Since r,, m_2 is a positive linear map, (rm, m_2 
@ id,)([xi,j]) 2 0. But th is is a contradiction to the nonpositivity of 
t7,, m-?_Cxi, j)l. n 
REMARK 8. Woronowicz [lo] showed that the answer to the above ques- 
tion is yes if (n, m) = (2,3), and Tanahashi and Tomiyama [9] have shown that 
Choi’s map 7a.i cannot be decomposed into a sum of a 2-positive map and a 
2-copositive map. This means, therefore, that the reverse implication in 
Lemma 4 is not true in general. 
3. ATOMIC MAPS 
Let P( M,) be the set of all positive linear maps in M,(G). One of the basic 
problems about the structure of P(M,) is whether the cone P(M,) can be 
decomposed as the algebraic sum of some simpler cones in P(M,). As stated 
in the Introduction, with the convex cones of decomposable positive maps, the 
program was successful at least for M,(G). This is, however, not the case for 
higher dimensional algebras. On the other hand, as in the previous section, 
there are stronger indecomposable maps in M,(G) which are not decompos- 
able with the sum of maps in two categories having higher order of positivity 
than the original ones. We believe, therefore, that for the next step to the 
structure of the set P( M,) it is important to tackle the class of positive maps 
which cannot be written as a sum of a 2-positive map and a 2-copositive map. 
From the above strategy towards the structure of the set P( M,), Tanahashi 
and Tomiyama [9] have introduced the concept of atomic maps (see definition 
below) and have showed that Choi’s map rs,i is atomic. 
DEFINITION 9. Let I#J be a positive linear map in M,(G). 4 is said to be 
atomic if it cannot be written as a sum of a e-positive map and a 2-copositive 
map. 
It is a natural conjecture that a sum of atomic maps may not be atomic. In 
this section, we study this problem and we stress the fact that the class of 
atomic maps generates the class of positive maps with higher order of positiv- 
ity. 
For every positive integer n, equip M,(G) with an inner product ( , ) 
defined by (X, Y) = trace( XY *), X, YE M,(G). Let (p : M,,(@) + M,,@) be a 
positive map. Define the transposition map (p’ of cp by (cp( X ), Y) = (X, cp’( Y )), 
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X, YE M,(G). We know, then, that (p’ is a linear map in M,(G), and the 
following relation between (p and (pT can be obtained from the definition: p is 
positive (respectively, atomic) if and only if (p’ is positive (respectively, 
atomic). 
PROPOSITION 10. A sum of two atomic maps is not necessarily atomic. 
Proof. Define a linear map 4 : MS(@) + M3@) by 
4(x) = 2&(X) + E( sZxs*2) - x, XEM@). 
It is obvious that 4 is a transposition map of rs, 1. We know, therefore, that 4 
is an atomic map. 
We have 
(4 + 73.1 )(x) = 2&(X) + E(szxs*2) - x + 2&(X) + &(sxs*) - x 
= {3&(X)-X} + {E(X)+&(SXS*)+e(S2XS*2) -x) 
= 73,0(x) + Q2( x), 
Xc,(G). Since r3,a is completely positive and r3,a is completely copositive, 
we known that #J + ra, r is decomposable. n 
The author is deeply indebted to J. Tomiyama for many valuable suggestions 
during the preparation of this paper. Thanks are also due to M. Kagesawa and 
T. G&ma for fmitful discussions. 
The author thanks the referee for a number of suggestions that helped to 
improve the text of this paper. 
REFERENCES 
1 T. Ando, Positivity of Certain Maps, seminar note, 1985. 
2 M. D. Choi, Positive semidefinite biquadratic forms, Linear Algebra Appl. 
12:95-100 (1975). 
3 M. D. Choi, Some assorted inequalities for positive linear maps on 
C*-algebras, J. Operator Theory 4:271-285 (1980). 
4 M. D. Choi, Positive linear maps, Proc. Sympos. Pure Math. 38:583-590 
(1982). 
INDECOMPOSABLE POSITIVE MAPS 83 
5 A. G. Robertson, Schwarz inequalities and decomposition of positive 
maps on C*-algebras, Math. Proc. Cambridge Philos. Sot. 94:291-296 
(1983). 
6 A. G. Robertson, Positive projections on C*-algebras and an extremal 
positive map, J. London Math. Sot. 32:133-140 (1985). 
7 E. Stormer, Positive linear maps of operator algebras, Acta Math. 
110:233-278 (1969). 
8 W.-S. Tang, On positive linear maps between matrix algebras, Linear 
Algebra Appl. 79:33-44 (1986). 
9 K. Tanabashi and J. Tomiyama, Indecomposable positive maps in matrix 
algebras, Canad. Math. Bull. 31:308-317 (1988). 
10 S. L. Woronowicz, Positive maps of low dimensional matrix algebras, 
Rep. Math. Phys. 10:165-183 (1976). 
Receioed 15 March 1990; j&l manuxript accepted 28 ]uly 1990 
